We study in a rigorous way the XYZ spin model by Renormalization Group methods. pacs 75.10.Jm
The XY Z model is exactly solvable 1] by the transfer matrix formalism as it is equivalent 2] to the eight vertex model. The solution is so complicated that it is very di cult to compute the correlation functions from it (an attempt with some preliminary results is in 3]). The correlations are then computed in an approximate way by linearizing the bands and taking the continuum limit 4], so introducing spurious u.v. divergences. One has to introduce an ad hoc cut-o , absent in the original model, for applying the bosonization methods, and it is not very clear the relationship of the obtained correlations with the real ones. Finally Bethe ansatz and the conformal algebra methods cannot be applied to the XY Z chain but only to its limiting case given by the XXZ chain 5] (also bosonization results are mainly for this case).
In this letter we apply to the XY Z chain the RG methods developed for QFT 6] ; we show that, for small anisotropy and J 3 , the correlations can be expressed by convergent series. This is almost equivalent to know the correlations exactly, as one can compute the rst orders having a rigorous bound on the remainder i.e. the correlations are known up to a small error. The comparison of the so obtained correlations with experiments or numerics is then without ambiguity. No approximation are necessary in our approach, which can be extended to a variety of models. Bounds on the corrections due to the nite size e ect are naturally obtained, as our results are uniform in the size. We write the XY Z chain as a system of interacting fermions, and we compute the fermionic two point di erent (imaginary) time correlation function. The computation of the other correlations is a straightforward (but cumbersome) consequence of our results.
If 1+ 2 jxj , c 1 ; c 2 > 0 constants, and this could be proved by a slight improvement of our techniques. We see that there is an anomalous gap and an anomalous wave function renormalization. Moreover the oscillation period p F depends on J 3 . The explicit form of Z(k) and (k) will be given below; if u = 0 (k) = 0 andẐ(k) = jkj ? 3 according with the expected power law decay of the XXZ chain. A simple consequence of our analysis is that, in the J 3 = h = 0 case, j < S 3 k . Note that is a counterterm to be xed so that the Fermi momentum in the J 3 = 0 or J 3 6 = 0 theory are the same. In fact, as the oscillation period is changed by the presence of the J 3 term, we nd technically convenient to x it to its value in the J 3 = 0 case by adding the counterterm. According to the (formal) Luttinger theorem, this means that we add a magnetic eld so that the mean magnetization in the direction of the magnetic eld is the same as in the J 3 = 0 case. We start by integrating the denominator of eq.(1), the partition function N. We perform a decomposition of the propagator g(
and is a smooth compact support function such that (k p F ; k 0 ) are non vanishing only in two non overlapping regions around p F ; 0 and ?p F ; 0 respectively. We call the two addends respectively g >0 (k) and g 0 (k) and this allows us to represent k as sum of two independent Grassmanian variables, (>0) 
h s h . This means that we extract from the e ective potential the terms leading to a mass and wave function renormalization. Now one can perform the integration respect to (h) rescaling the e ective potential ate. In other words we have to perform a Bogolubov transformation for each scale, as the "mass" h has a non trivial RG ow and it is di erent for any h; at the same time one has to take into account the wave function renormalization Z h . Let be h = inf h f h j h jg. Note that, if h isnite uniformly in N; so that j h ?1 j ?h +1 ?ik0?2 !k 0 which is just the propagator \at scale h" of the Luttinger model, and the other two terms verify the bound of g h !;! (x;ỹ) with an extra factor h or j h j h . LemmaAssume that h is is nite uniformly in N; and that for any h > k h there exists an " such that jṽ h j " and j h+1 Finally as jG 2;h j; jG 2;h j; jG 2;h z j K" 2 for suitable positive constants c i , i.e. as usual in models to which the RG is succesfully applied the ow is essentially described by the second order truncation of the beta function. This shows that it is possible to choose J 3 so small that the conditions of the above lemma are ful lled. We call 1 = ? log Z h = log u, 1 + 2 = log h = log u. Finally as we said the integrations of the (<h ) is essentially equivalent to the integration of a single scale h h , so it is well de ned by the preceding arguments.
It is a standard matter to deduce an expansion for the correlations from the e ective potential, and so deducing the results for S 1; 2 (x). Moreover we call (k); Z(k) respectively h ; Z h for h jkj h+1 for h h and h ; Z h for jkj h .
Finally we discuss the modi cations in the proof of the above lemma with respect to the one existing in literature for similar models, 8], 9], mainly due to the fact that N; H] 6 = 0. V k can be written as a sum over "Feynman graphs" obtained in following way. Let us consider n points and enclose them into a set of clusters v to which a scale h v is associated; an inclusion relation is established between the clusters, in such a way that the innermost clusters are the clusters with highest scale, i.e. if v 0 is the cluster containing v then h v 0 < h v ; v 0 is the largest cluster. A set of clusters can be represented as a tree and the set of the possible trees is denoted by n;k . To each point contained in a cluster v but not in any smaller one we associate one of the elements of LV hv , expressed graphically as a vertex with 2 or 4 "half lines". The half lines are paired in all the possible compatible way and to the paired lines we associate a propagator g hv !;! 0 if the paired line is enclosed in the cluster v but not in any smaller one. The indices of the external lines of v are denoted by P v and their
